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Improved Successive Quadratic Programming Optimization Algorithm for

Engineering Design Problems

INTRODUCTION

We present an algorithm for optimizing structured engineering
processes which is computationally more efficient and conceptually
cleaner than an earlier one described in Berna et al. (Bern80, 1980).
The algorithm is based on sequential quadratic programming. It
is a special case of a broader a class of algorithms developed by
Edahl (Edah82, 1982).

THEORY

The optimization problem can be stated as follows:
min $(z)
s.t.g(z)=0
Zmin = Z < Zmax (P1)
2z C En+r
gEr+r —En
(P:Eﬂ +7 — E 1
The Lagrangian of this problem is:

L(z,7,Kmin.Kmax)
= (I)(z) - TTg(z) - Kgin(zmin - z) + K'rl;xax(zmax - z)’

with 7 the Lagrange multipliers on the equality constraints and
Kmin and Kmax the Kuhn-Tucker multipliers on the lower and upper
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bounds of 2, respectively.
The Kuhn-Tucker conditions for this problem are:

Kmin[zmin - Z] =0
Kmax[zmax - Z] =0
Kmin, Kmax =0

For a typical flowsheet calculation of the type we are considering,
n may be on the order of 10,000, with r on the order of 10. This
formulation is quite general as general inequality constraints can
be converted to equality constraints through the use of bounded
slack variables.

Powell’s (Powe77, 1977) approach to solving this problem is to
linearize the equality constraints, assume a quadratic approxi-
mation to the objective function, and solve the resulting QPP.
Variables are then updated by taking the step

Az = ad

where d is the step calculated by the QPP:

The disadvantage of using Powell’s method is the size of the
Hessian Matrix for the QPP. For a problem with 10,000 variables,
the Hessian contains 100 million elements, far too many for even
the most advanced machines to handle. By partitioning the vari-
ables into two sets, the independent or decision variables, u, and
the dependent or pivoted variables, x, we now show how a QPP
can be set up on the decision variables only.

Let x;. and u; be the values of the dependent and independent
variables respectively at the present iteration. Linearizing the
equality constraints about this point gives:

8%k + 1,8k + 1) ~ g(Xk,Uk)
+ (0g/oxT ) Axy + (dg/duT) Auy
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Setting g(xk 4+ 1.tk + 1) equal to 0, and requiring that (dg/0xT); be
nonsingular yields:

Az, = —(0gdxT) Mglak,ur) + (0g/0uT)kAuy}

For any choice of Auy, a value for Axy can be calculated. The
problem can then be stated as one to calculate Au}, the optimal
change in the decision variables:

min F(Auy)
Aug

St Umin — Uk < Dup S U — Ui

Xmin — %k S —(08/dx )i {g (uk,xk)
+ (08/Qu TN At} < Xpax — 11 (P2)

Aup € E*
x. € E®
gEn+r—En
where
F(Aug) = ®(xp + Axp,up + Auyg).

Expanding F(Auy) in a Taylor series about the point Auy =0
yields the following QPP associated with Eq. 2:

min {Q(Aux)|Q(Aur) = ax + bl Aux + Y%duCrAuy}
Auk

st tmin — e < Aug < Umay — Uk

_(ag/be)l:l(ag/auT)kAuk = Xmax — %k
+ (08/ 3T g(xr.ux) (0g/0xT)c' (08/ du Tk Dux < xx
= Xmin ~ (ag/axT)I:lg(xk’uk) (PS)

Aup € E7
x. € E®
g:En+r — En
The vector b is the reduced gradient 6$/6u, calculated by doing
a Taylor series expansion on the objective function:

P(x + Ax,u + Au) = $x,u)
+ (0®/xT)Ax + (0®/ouT)Au

but
Ax = —(0g/0xT)Yg(x,u) + (0g/0uT)Au}
then
AP = —(0d/0xT){(0g/0xT) Hglx,u)
+ (dg/duT)Aul} + (dP/0uT)Au

= —(0%/0xT)((2g/0xT) 1g(x,u)
+ {(0®/ouT) — (0P/0xT)((dg/dxT)~1(dg/ouT)lAu

The coefficient of Au gives the constrained derivative of ® with
respect to u:

by = 6%/ 0u = (0P/ou) — {(0g/dxT) og/duT)T(dd/dx).

The fact that g(x,u) is not 0 does not effect the term by. It simply
adds something to the scalar ay.

The matrix C is an approximation to the Hessian of the Lagrange
Function formed from the problem:

min ®(u,x(u))

St Upin S t < Umay

Xmin < *(U) < Tmax (P4)
x(u):g(x,u) =0
u <« ET
x&E™®
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The Lagrange of Eq. P4 is:
L= d)(u,x(u)) - Zﬂn[umin - u] + 6£ax[umax - u]
_W;in[xmin - x(“)] + W&ax[‘xmax - x(u)]

C is initialized to the identity matrix and updated each iteration
using the Broyden-Fletcher-Goldfarb-Shanno (BFGS) updating
formula, as suggested by Powell (Powe77, 1977).

We also follow Powell’s suggestion in calculating the step-size
parameter, a:

Define ¥(a) as:

V(a) = D(u*a*) + L pilgi(u*x*)]
+ Zg‘i,maxwi,max - uil + X g-i,minlui — U min|
+ Zyi,maxlxt,max - xil + Zyi,minlxi = X{ min

where
u* =y, + ady,
x* = x — a(0g/ox ") Hg(u,xx) + (0g/duT)ids}
and @i, $imax> $imins Vimax> a0d ¥; min are defined as
e = max{| N Yalwi + | M)}
$1.max = maxt| B max |, Yo(Gmax + | Bimax )}
= max{| B min |, (& min + [Brmin|)}

Vimax = maX””i,maxl:%(”i,max + |7r1,max|)}

§ i,min

Vi min = max{| i min|, Yo (¥} min + | Fimin| )}

Note that values with a e indicate the value of that parameter at
the previous iteration. A; is the current value of the Lagrangian
multiplier for the equality constraints of the original problem (Eq.
P1). A is caleulated by:

A= (ag/axT)_l{rmax =~ Tmin — (aCI>/ax)}

T max and Tin are the Kuhn-Tucker multipliers associated with
the inequality constraints derived from upper and lower bounds
on the pivoted variables x and are calculated by the QPP associated
with problem (Eq. P2). Bnax and By, are Kuhn-Tucker multipliers
associated with the upper and lower bounds of the decision vari-
ables, and are also calculated by the QPP. At each iteration the
value of @ used is the first one found which satisfies ¥(a) < ¥(0).
Usually a is 1, except perhaps for the first iterations,

ALGORITHM

Step 0: Initialization

i) Setk =0, C; =1, u, = 0 {with C; = I, the first direction
predicted is the steepest descent direction).

ii) Initialize all variables z; = [x1,u,]

Step 1: Compute the Jacobian and Reduced Gradient

i) Increment k

ii) Evaluate (0®/0z), g(z) and (0g/0z7T) at z

iii) Perform forward Gaussian elimination to partition the Ja-
cobian and find the L/U factors for (0g/0xT);.

iv) Perform backward substitution to solve

(0g/oxT) v, Akl = [g,(0g/ouT)k

for [vx,Ax]
and solve (0gT/dx)A\; = (0P/dx); for A}
v) Compute the reduced gradient

(09/0u) = (0P/ouk — Al (d®/ox)

vi) If k <2, go to Step 3; otherwise go to Step 2.
Step 2: Update C (a la Powell’s Suggestions)
i) i = (0®/0u)k ~ Ak[Tmin = Tmaxlk—1 — Wr—1
ii) Let nx =0y + (1 — 0)Cr— 1051

where

0 =1 1if 6]_,Cp_10k—1
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Otherwise, set
0 = [0.80],Cr—10k—1)/ [61-1Cr—10k—1 — 6] _1v4]
iii) Set C = Cp—y ~ [Cr-10k-10f-1:Cx~11/[81-1Cx—16k-1]
+ [men£1/[0F-1m)
(0P/6uT)Auy +

Step 3: Solve Associated QPP

i) Define Q(Aux) = Q(xpux) +
YolAu[Crluy

ii) Let di be the solution to the following QPP:

min Q(Auy)

Ak
8.t — ApAup < Xppax =~ Xk + Uk

ArAup £ % = Xin — Ok
Umin = Uk < Dup S timay — Uk

Step 4: Compute Step Size Parameter, aj

i) Calculate Ay = (0g7/0%) Y7 nax — Trin] — A*
ii) Setpx = Axdy + 1

iii) Set puy = max{lkfkl Yolte-1) + 1A}

= maX{IBik,maxl; /2(§i(k—l),max + |ﬂik,max|)}
g-ik,min = max"ﬁik,minI:I/Z(g‘i(k—l),min + |Bik,min|)}

Vik,max = max{lWik,maxl,l/za’i(k—l),max + IWik,maxI)}

g‘ik,max

Vik,min = max{lWik,minlyl/z(vi(k—l),min + l"rtk,min])}

iv) Select ax & [0,1]such that W(x*u* i) < Wixg,ux,ux) where
W(x,u,u) = Pxu) + uT|glxu)

+ g‘gaxlumax - uil + g‘iinlui e umin‘
+ Vx’l;)axlxmax - xil + Vginlxi - xminl
x =%, — aPy
=ur + adk
v) Set xx = x¥; up = u*; O = ardi
Vi) Let wy = (Bq)/au)k — Ar{Tmin = Tmaxkk

e;p 5: Check for Convergence
If (dfdx + gfgr) < e then go to step 6; otherwise go to Step 1
Step 6: Stop

DISCUSSION

This algorithm differs from the Berna et al. (Bern80, 1980, al-
gorithm and the one used is MINOS/AUGMENTED [Murtagh and
Saunders (Murt80, 1980), Murtagh (Murt82, 1982)] in the way the
Hessian matrix is created and used. In Berna et al. the Hessian is
first created in the space of all variables, x and u, and then projected
into the subspace of the decision variables, u. Actual storage of the
full Hessian is avoided by storing and using the update vectors only.
Storage requirements thus grow with the number of iterations of
the optimization algorithm.

In MINOS/AUGMENTED the reduced Hessian is obtained by
projecting a quadratic approximation to the Lagangian onto the
subspace of the decision variables, u. In this algorithm we estimate
the reduced Hessian directly in the subspace of the decision vari-
ables, u, accounting for the curvature of x(u) as a consequence. The
algorithm differs from MINOS/AUGMENTED in other ways
which are beyond the scope of this discussion.

SAMPLE PROBLEMS

In this section we present the results of two test problems solved
using the algorithm described in the previous section. The algo-
rithm has been imbedded into the ASCEND-II flowsheet system
{Lock81, 1981). Modules describing these test problems were
written and added to the system.
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Detailed Solution of a Small Problem
We wish to solve the problem:
min{®}
st.ab+bc—1=0=g,
$—a2-b2+c=0=g
0<abcxl

Throughout the calculations variables ® and a were the pivoted
variables, while b and ¢ were the independent (decision) variables.
Initial values were:a = 0,b = 1,¢ = 1, ® = 0. Also, at the start we
set o = 0,and C, = 1.

The starting point gives an initial Jacobian Matrix of:

a b c $
a 1 1 1 0
82 0 -2 1 1

With ® and a as pivoted variables the matrix (3g/0x7) is the
identity matrix.

The initial righthand-side vector (g) is {0,0}, so the vector v is also
[0,0}, while the matrix A is calculated to be:

11
~2 1
The initial QPP is:
min{2 ~ 1] Ab + %[AbAc]1 0Ab
Ac 0 1Ac
st.—-1<Ab<0
~1<Ac<0
~-1< 1 1Ab<0

The solution to this QPP is [—1,0]. The Lagrange multipliers on
the original equality constraints are {0,—~1]. Table 1 summarizes
the search for a such that ¥{a) < ¥(0). Using a step size of 0.25,
the variable values after the first iteration are: ¢ = 0.25, b = 0.75,
¢c=10&=-05

Throughout the remaining iterations, ¢ = 1 and a = 1. The
constrained derivative for iteration 2 is: 6®/0u = [~0.6667, ~1.5]
and the Hessian Matrix after the first update is:

533 2
2.0 1.891
Table 2 shows the progress of the calculations to the solution.

TABLE 1. SEARCH FOR ¢

d @ u'g ¥
0.0 0.0 0.0 0.0
0.25 -0.375 0.125 -0.25
0.5 -0.5 0.5 0.0
0.75 -0.375 1.125 0.75
1.0 0.0 2.0 2.0

TABLE 2. PROGRESS OF THE CALCULATIONS
Iteration a b RHS @

4] 0.0 1.0 0.0 0.0

1 0.25 0.75 0.0988 -0.5

2 0.5417 0.6250 0.0757 —0.4170

3 0.3910 0.7101 0.0232 -0.3738

4 0.3947 0.7170 5.4E-5 —-0.3301

5 0.3308 0.7498 3.9E-8 —-0.3345

6 0.3780 0.7248 2.2E-3 -0.3346

7 0.3815 0.7238 9.6E-6 —0.330514

8 0.3807 0.7242 5.7E-7 —-0.330501

9 0.3803 0.7245 2.1E-7 —0.330501
10 0.380278 0.724492 7.6E-13 —0.330500
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Other Computational Experience

The algarithm has been applied to several flowsheeting prob-
lems. The largest contained 156 generally nonlinear equations with
161 calculated variables, leaving 5 degrees of freedom. The algo-
rithm was able to find the optimal solution to this problem without
difficulty. Typical convergence was in 10 to 20 iterations for all
problems.
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NOTATION

a = scalar term in quadratic approximation to objec-
tive function

= matria | 087108
= matrix (—a-x—;) (an)

A

b = vector of coefficients for linear terms in quadratic
approximation to objective function

(o} = approximation to Hessian matrix in space of de-
cision variables

d = step calculated in QPP

F(Auyg) = approximation to objective function after linear-
izing equality constraints and eliminating pivoted
variables

g(z) = nonlinear equality constraints

H = approximation to Hessian in space of all the
problem variables

I = jdentity matrix

k = subscript designating interaction number

L() = scalar value of Lagrange function

n = number of equality constraints and pivoted (x)
variables

P = direction of step taken when updating pivoted
variables

O(Auy) = quadratic approximation to objective function in
terms of decision variables

r = number of decision variables

u = decision variables

u* = updated values of decision variables

uMinUMax = lower and upper bounds on decision variables

= og |1

v = Newton step, (gac—T) g

x = values of pivoted variables

TMmNnEMax = lower and upper bounds on pivoted variables

z = problem variables

ZMiNdMAx = lower and upper bounds on problem variables
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o = step size parameter

Buin.Bmax = Kuhn-Tucker multipliers on upper and lower
bounds of decision variables

Yk = change in constraint derivative of Lagrange
function associated with Eq. P4

o = step taken in decision variables

€ = convergence tolerance

Cmin.$Max = vector quantity used in caleulation of ¥ func-
tion

1 = vector used in Hessian update

0 = scalar used in Hessian update

kmmokmax = Kuhn-Tucker multipliers for lower and upper
bounds on z variables of Eq. P1

A = Lagrange multipliers on equality constraints of Eq.
P1

A* = contribution to A

n = vector quantity used in calculation of ¥ func-
tion

YMIN.PMAX = vector quantities used in calculation of ¥ func-
tion

TmmnTMax = Kuhn-Tucker multipliers associated with in-
equality constraints of problem (Eq. P3)

T = vector of Lagrange multipliers on equality con-
straints of Eq. P1
P(z) = objective function
= function used to determine step size
w = intermediate used in calculation of ¥
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